space , [4] ). As special cases, $L_{M(u,\omega)}$ coincides with four typical spaces respectively: 1) $\Omega$ is covered by the family of measurable sets of finite measure.
2) Correctly speaking, we shall consider only the functions which are almost finite real valued and B-measurable in every measurable set of finite measure. And two functions $x(\omega)$ and $y(\omega)$ are identified if $x(\omega)=y(\omega)$ except on a set of measure zero in every measurable set of finite measure.
3) Since $M(u, \omega)$ can be replaced by $M(u-O, \omega)$ , the left side continuity is not essential for the definition of the space $L_{M(u,\omega)}$ .
4) It is unnecessary for $M(u, \omega)$ to be almost finite valued. 5 ) $(M)-2)$ and 3) imply the measurability of a function 2) $L_{N(u)}$ -space (Orlicz [7] ), when $M(u, \omega)=N(u)$ and $N(\backslash u)$ is a convex function of $u$ , 3) $L_{Jf(u)}$ -space ), when $M(u, \omega)=M(u)$ , 4) $L_{N(u,\omega)}$ -space7) (Nakano [5] ), when $M(u, \omega)=N(u, \omega)$ , and $N(u, \omega)$ is a convex function of. $u$ for all
In view of generalization of a constructive method, the relation between above four spaces is shown with the following schema,
In the spaces $L_{N(u)}$ and $L_{N(u,\omega)}$ , if we put
we have a complete norm (B-norm) on $L_{N(u)}$ and $L_{N(u,\omega)}$ respectively ([1], [5] ). In the spaces $L_{M(u)}$ and $L_{M(u,\omega)},$ putting (4) $||x||_{M}=\inf\{\epsilon>0;\rho_{M}(x/\epsilon)\leqq\epsilon\}$ ,
we have a complete quasi-norm (F-norm) on $L_{M(u)}$ and $L_{M(u,\omega)}$ respectively ([2] , [3] ). We can see easily $\lim_{n+\infty}||x_{n}||_{N}=0\sim(\lim_{n+0}||x_{n}||_{M}=0)$ if and only if $\lim_{n\star\infty}\rho_{N}(\alpha x_{n})=0(\lim_{n\rangle\infty}\rho_{M}(\alpha x_{n})=0)$ for all
Mazur-Orlicz has shown in [2] the following result :
Given $L_{M(u)}$ -space, the necessary and suff,cient condition for to exist a convex $(M)$ -function $N(u)$ such as $L_{lIf(u)}=L_{N(u)}$ is that the linear topology induced by the quasi-norm $||x||_{M}$ is locally convex.
The purpose of this paper is to generalize this result to the problem of the relation between $L_{M(u_{\mathfrak{l}}')}$ and $L_{N(\cdot,.)}$ . In g2 we shall define the abstract $L_{M(u.\omega)}$ -space, and in \S 3 the problem will be studied in an abstract form. If $\Omega(B, \mu)$ is non-atomic, we obtain a similar result to the above Mazur-Orlicz theorem (Theorem 2). Although in general it does not hold in an atomic case, under some assumption it can be proved also (Theorem 3).
$-\{--$ 6) If $ p=+\infty$ , then we put $u^{+\infty}=0(0\leqq u\leqq 1)$ and $=+\infty(u>1)$ . 7) H. Nakano calls $L_{N(u,\omega)}$ a modulared function space in [5] (aPpendix).
8) It has been proved under an additional condition: $M(2u)\leqq KM(u)$ for all $u\geqq u_{0}>0$ (non-atomic case) or $M(2u)\leqq KM(u)$ for all $0\leqq u\leqq u_{0}$ (atomic case). [5] , [6] ) when the following conditions are satisfied; 1) $\rho(\alpha x)=0$ for all 6) for any orthogonal system $x_{\lambda}\geqq 0(\lambda\in\Lambda)$ such as $\sum_{\lambda\in A}\rho(x_{\lambda})<+\infty$ we can find $x\in R$ and $x=\sum_{\lambda\in A}x_{\lambda}^{12)}$ (orthogonal completeness).
Moreover, if $\rho$ satisfies the following condition (C), $\rho$ will be called a convex modular;
is a convex function of $\alpha$ for all $x\in R$ .
We shall call $R$ where a (convex) modular is defined a (convex) modulared vector lattice. A convex modulared vector lattice will be said briefly the Nakano space13). We can see easily that
is a modulared vector lattice and $L_{N(u,\omega)}(\rho_{N})$ is the Nakano space.
The $(\rho)$ -condition implies some properties; (5) $\rho(x^{\cup}y)+\rho(x_{\cap}y)=\rho(x)+\rho(y)$ for $x,$ $y\geqq 0$ , (6) $\rho(\alpha x+\beta y)\leqq\rho(x)+\rho(y)$ for $x,$ $y\in R,$ $\alpha,$ $\beta\geqq 0,$ $\alpha+\beta=1$ .
It has been shown in [3] and [4] that the property (6) defines a ordered14) quasi-norm $||\grave{x}||_{\rho}$ on $R$ by the formula (7) 1 $x||_{\rho}=\inf\{\epsilon>0;\rho(x/\epsilon)\leqq\epsilon\}$ $(x\in R)$ .
We can see easily $\lim_{n+\infty}||x_{n}||_{\rho}=0$ if and only if $\lim_{\alpha\triangleright\rightarrow\infty}\rho(\alpha x_{n})=0$ for all $\alpha\geqq 0$ . 9) Every upper-bounded system of elements has a supremum in $R$ . 10) For the first time the name ' modular' was used by H. Nakano, when $(\rho)^{r}1)\sim 5)$ and (C) were satisfied. The convex modular defined in this paper coincides with the monotonecomplete modular in Nakano's terminology ( [5] ). The orthogonal completeness $((\rho\rangle-6))$ implies the monotone completeness (cf. Remark of Lemma 1). The condition $(\rho)$ is stronger than that in [4] and of the quasi-modular in [8] .
11) For any $\lambda_{1},$ $\lambda_{2}\in\Lambda$ there exists $\lambda_{3}\in\Lambda$ such as $x_{l_{1}}\cup x_{\lambda g}\leqq x_{\lambda_{\theta}}$ and $\bigcup_{\lambda\in A}x_{\lambda}=x$ . 12) $\sum_{\lambda\in\Lambda}x\lambda=\bigcup_{A'\subset\Lambda}\sum_{\lambda\in\Lambda}x_{\lambda}$ , where $\Lambda^{\prime}$ is a finite subset of $\Lambda$ . 13) In [5] it is called a monotone-complete modulared semi-ordered linear space.
14) $|x|\leqq|y|$ implies $||x||_{\rho}\leqq||y||_{\rho}$ .
In this section we shall prove that 1 $\left\{\begin{array}{l}x_{i}=\sum_{\nu=1}^{n_{i}}\oplus x_{i,\nu}(1\leqq i\leqq l)\\\rho(n_{i}x_{i,\nu}/\delta)=\rho(n_{i}x_{t}/\delta)/n_{i}(1\leqq\nu\leqq n_{i}, 1\leqq i\leqq l)^{2S)}\end{array}\right.$ If we put $y_{\nu_{1},\nu_{2},\ldots,\nu_{l}}=\sum_{i=1}^{l}\oplus n_{i}x_{i,\nu_{l}}(1\leqq\nu_{t}\leqq n_{i})$ , then the total number of elements $y_{\nu_{1},\nu_{2},,..,\nu_{l}}$ is $n_{1}n_{2}\cdots n_{l}$ and the sum of them equals to $n_{1}n_{2}\cdots n_{l}x$ , because the multiplicity of $n_{i}x_{i,j}$ in the summation is $n_{1}n_{2}\cdots n_{l}/n_{i}$ , we , that is, $x=0$ .
Putting, for $\delta_{1}=\delta(1)>0$ , 23) This is a method used oftenly in non-atomic cases. Confer [4] or [5] . Remark. Under the assumption $\sup_{>0}\rho(\alpha x)=+\infty(x\neq 0)$ , the condition b) in the above Theorem 2 may $b_{\backslash }e$ replaced with the following. Finally we remark that in an atomic modulared vector lattice $R(\rho)$ it can be proved that 1 $x||_{\rho}$ is normable if and only if there is a convex modular on $R(\rho)$ (cf. [8] ). It will be studied in another paper.
